MOTION OF A GAS BUBBLE IN A VISCOUS VIBRATING LIQUID

V. L. Sennitskii UDC 532.529

There are many works ([1-5], for example) containing theoretical results on the motion
of a gas bubble in a vibrating liquid. In the present paper we consider the following prob-
lem. A closed container is filled with a viscous incompressible liquid in which there is a
gas bubble and the container performs a specified periodic translational vibration relative
to an inertial rectangular coordinate system, X, Y, Z (the period of the vibrations is T and
the container vibrates along the Z axis). The container is deformed in a specified way
(compressed and released). The position of the gas bubble relative to the coordinate sys-
tem X, Y, Z is characterized by the radius vector

S — %)—” j RdXdYdZ,

Lxvz

where R = (X, Y, Z); Qxyz is the region occupied by the gas (i.e., the gas bubble), and Q

is the volume of the bubble. The flow of the liquid is considered with respect to the coor-
dinate system X; = X — Sy, X, =Y — Sy, X3 =72 — Sy (SX, Sy, Sz are the X, Y, Z components
of the vector S8). The smallest distance from the gas bubble to the walls of the container
is large in comparison with the largest dimension of the bubble and hence the walls of the
container can be assumed to be infinitely distant from the bubble. The velocity V of the
liquid satisfies the condition

V ~ Uk — dS/dt ; X34 XE 4 X2es oo,

where t is the time, U = Real 3 U7 (Uyp are constants), k= (0, 0, 1). The pressure

m==1

P of the liquid then satisfies the condition
P~—p@Udty X, + P s X2+ X2+ Xios o,

where p is the density of the liquid and P is a function of t. The dependence of P on t is
determined by the manner in which the container is deformed. We assume that

o
T amait/T
P = PO + neal 2 Pme mait]

m=1

(Py, Py are constants). The flow of the liquid is steady-state (i.e., it does not depend on
the initial conditions). In the absence of vibrations and deformation of the container [Um
Pp=0(m =1, 2, ...)] the gas bubble will be a sphere V/Xf4-X§4-X§S§/%, V =0, P=rp,.
The pressure Pg and the volume of the gas are connected by the adiabatic equation

v
Png = pgoo(]ﬂ

where y is the adiabatic index, Poo = Pg + 20/A, (o is the surface tension), Q, = (4u/3) A,°.
It is required to find the motion of the gas bubble with respect to the coordinate system X,
Y, Z, i.e., to find S as a function of time.

1. Let t = t/T; x; = X3/A¢s %3 = Xy/Ag3 x5 = X3/Ags T = (X1, Xy, Xg)3 v = |T]; T is
the surface bounding the region % x,x, occupied by the gas (the free boundary of the region
occupied by the liquid); H is the mean curvature of I'; n = A;H — 1; 7 is the outward unit
normal to I'; £ is the velocity of I in the directionn; £ = TE/Aq; v = (vy) =TV/Ay; p =
T2(P — Po)/(pAo?); w == (1/4,)dS/dr; v is the kinematic viscosity of the liquid; Re = A,°/(vT)
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is the Reynolds number, P is the stress tensor in the liquid; I = (Ij;) is the unit tensor;
(le) = T2 P+ LY [(pAs?) [piy = —PIij + (1/Re)(dvy /Bx + 0V /axl)], P is the largest

~

value of [P — Pyf; p'= (P — P)/P =Real 3 pu¢™™™"; 0 is the largest value of |U|; u=0/U =

me=]

Real 3 une™™% ¢ = 0T/Ags % = PT°/(pAo™)5 A = oT*/(pAo®)5 1 = PgoT?/(pAo®)s pg = T*(Pg —

Pgo)/ (pAg?) = n(Q,Y/QY - 1).

The equation of the surface I', the Navier—Stokes equations, the equation of continuity,
and the conditions which must be satisfied on ' and in the limit r - « can be written as

y=20
(x << 0 inside Qx azxy % =>0 outside Qx5 )3 (1.1)
v 1 d
T VY P — g AV =0 (1.2)
V.v = O’ (1.3)
nv—§g=0, n'P‘f‘(Pr‘—z}v’n)":O on T (1.4)
v ~ euk —w, p~—-ad z,+%p for r—oo. (1.5)
The following equation must also be satisfied

S S S rdx,dr,dz, =0, (1.6)

Qxlxzxa *

It is necessary to find the solution of (1.1)-(1.6) for x, v, p, w in order to determine
the dependence of S on t.

2. We will consider the problem (1.1)-(1.6) when € is small in comparison with unity.
We assume that in the limit € > 0

N~ X(O) ._I_. gx(l)’ V ~ v(o) -i_ SV(I), (2 1)
p ~ p(o) —|... Sp(l)’ W ~ W(O) + gw(l)_

From (1.1)-(1.6) and (2.1), we have in the M-th approximation (M = 0, 1)

1@ 4+ Mey® =0 (2.2)
for the equation of the surface r(M) bounding the region () occupied by the gas;

() o gwdD
6v T L (O ) v 4 M (v y) v 4 VP(M)-%AV(M)JF—“;T'T‘O; (2.3)
vy = 0; (2.4)
tim [6™ (v — £7) |Lan] = 0, (2.5)

£—>0
i [ [np 4 (o — 220%%) 0] ) — 0
=)

vOD Mk — w™, p(]V[)N(1——M)u;—-M%1:3 for  r— oo; (2.6)
g g 5 rdr,dr,dz, =0, (2.7)

“o(a1)

where n(M), n(M), E(M), pg(M) are the quantities forn, n, &, Pg for T = r(M),
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Let M = 0. 1In the zeroth approximation the gas bubble is a sphere r < 1 + @, whose cen-
ter is at rest with respect to the coordinate system X, Y, Z. The flow of the liquid is
symmetric to the origin of the coordinate system x;, %,, X3. Hence

O 1 —a; (2.8)
wO = 0; (2.9)

w®/0 =0, /o9 =0; (2.10)
o0 =0, =0, (2.11)

where r, 9, ? are spherical coordinates [Glis the angle between the vectors (0, 0, 1) and
(%1, X5, %X3) €0 < 08 < 1); ® is the angle between the vectors (1, 0, 0) and (x;, %,, 0) (0 <
¢< 2m)]; vy 0), va(o s vlp(0 are the r, 8, ¢ components of the vector Vv °).

The relation (2.7) will be satisfied for any positive value of 1 +a. It follows from
(2.2)-(2.6) and (2.8)-(2.11) that

o©® = (U + o) (dejdu)rs

(2.12)
o __ .= (1—}—(1)2 d%a 1 dot)2 (141—41)3 .
pr=wp At {g;2+1+a(5 2= ]}’ (2.13)
d*a 1 3 (da\? 4 da a
[112+1+G{?(E) + Ru('l—}—a)ﬁ%_‘m"l—{-a_*— -
. (2.14)

+ull— @+ a7 + u?u} =0.

3. Let M=1. We will consider the problem (2.2)-(2.7) when % is small in comparison
with unity. It follows from (2.8) and (2.11)-(2.14) that in the limit % - 0

(n) (9) 0)

%~ w0+ D, (3.1)
(0) (0)
v~ P ~ xpl,

P ammit, _(0) g
e v =~—(dx§?;/dr) r/r’;

Q — - . 0 -
where X(o )( ) = ¢ Ly x(2 )( ) = Re Realmgl 3y — 22 — 4m®a®) Re -+ 8mai

p()(®) =5 - (d2><(1)(°)/d12)/r. The equations X(o)(o) =0, x(o)(o) + xx(l)(c) = 0 determine
the surfaces I‘(O)(O) and F(l)(o)‘, respectively. We assume that when % - O
1~ e + ) v~ V) v,
0 (1) (1) ) (1) (1) (3.2)
P~ Py UD), W~ W + *HW(1).
According to (2.2)-(2.7), (3.1), and (3.2), in the N-th approximation (N = 0, 1), we have
)
1o + exts) + Nx (68 + ex) = 0 (3.3)

for the equation of the surface F(N)(l) bounding the region Q(N)(l) occupied by the gas;

aviy) dwll)
(N) m 1 (1 (N) )
W ool — e vty + 2 VG )vE + (489 vl (3.4)
(1) .
Vv =0; (3.5)
i [ =No—1 (1)
lim lim [x e (n{ly-v —ER) !r(l? } =0, (3.6)
®=0 €0 (N)-
. . —N
Lim lim ™™ [ p + (piy — 200{) n ]| 1y} = 0;
%0 £-0 T,
) ~ u
Ve ~ (1 — N) (uk — wil)) — Nwil, pil ~ (V — 1) j—;ix:; as r-—»o00; (3.7)
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dx dx,diry = 0,
{{gﬁr x,drydr,y (3.8)

wherc(a )H(N)( ), W(N)( ) S(N)( ) Pg(N)( ) are the quantities for n, n, £, Pg for T =
I

Let N = 0. We assume that x(, )( ) = 0. Then F(o)(l) = I‘(O)(O), (3.8) is satisfied,
and (3.6) reduces to the conditions

ot
(1) (1) 2 OV
vor =0, — Pty + g5 5 = 0»

(3.9)
61;(0)9/8r - 7/(0)0 =0, 6"(0)(9/0" l’(o)w =0 on Fggga

where V(O)r(l), v(o)e(l), v(o)cp(l) are the r, 6, ¥ components of the vector V(o)(l). The
The problem (3.4), (3.5), (3.7), (3.9) has the solution

oV 1t o w1
0= 2 g a8 (08 rsin@ or* (3.10)
M _ g 0 et i_ii A ———r51 nz) 258,
Voo = Y5 Pty = tor T Ro ard 2 oor v sin®@ '
(3.11)
wiy) = wk,

where

1%{%@*@ + 52— GMME

1\ gp(1—7)
q-+—)e X
m_lqm+—3qm~+18qm4 18( T

X eg’""“] sin?8; w = Real 2 €™ (g = 3wy (qf, + 3¢5 +

m=1

+ 6gm + 6)/(qh + 3% + 18¢m + 18); gm = (1 + i)V ma Re).
Hence, X(o)( ) = 0 and the solution (3. 10), (3.11) of the problem (3.4), (3.5), (3.7),
(3.9) is also the solution of the problem (3 3)-(3.8).

Let N = 1. We assume that x( )( 1) = 0. Then I‘(l)(l) = 1"(1)(0), (3.8) is satisfied,
and (3.6) reduces to the conditions

FIey
1) (0) (o)r
LEl)?”‘X(l) )
(1) ov(l)
v ) a . 2 %o
a , 2 %Por _ o 9 ) |
— PO TRe “or AV —rot R "o )
1 (1) (1) ?2)(1 (3.12)
ol | e _ 0 i | e ”(o)e\’ 1™,
a0~ or — Ve = X 5 |78 “ar r )7 sin® a9

il (0)
+ ———Sz(p —flJe="0 ©°n )

where v(l)r(l), v(l)e(l), V(l)(p(l) are the r, 6, ¢ components of the vector V(l)(l). The
problem (3.4), (3.5), (3.7), (3.12) has the solution

1)(]) _1—_2_4_1 (1) _._1._(_72,_
Wr =3 g 6 Yo~ " Trsin@ ar’
2 v 3 () 0| _csB . (3,13
M _ 0 (1)=f 0 1 2___2’__2._}_&_ rlj‘;'_—d-—l—v—rsmgﬁ —Vr o3 } sinto : )
Ve = Y P ||~ dvor Relgd  Zoar '3 dv d
wih = (v + w)k, (3.14)

h : T w S [2n
where 1p={-—%(w+w)r2+%ﬂ+ﬁor+‘I’o"l‘RealE[T+

m=1
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+ P (f]m 4+ ]i) eaqmr—{— fDm] egm”“} sin?0; w= -;—Be Real 2 Doian X

m=1

ﬁP@gm%+$+%ﬁ{%;%%]
1 .
[(4m®a® — 3vn 4 23) Re + 8mai] (o, + 342, + 181, - 18) '

o0
7o omait
w = Real 2 wpe™"
m=1

(pm* are the complex conjugates of the constants pp; Wy » Go, Ops Bo » Pmand &g, &y are con-
stants and functions of r, respectively, and are given by the relations

1 1
1 1 1 -
oy = €<50dt — @, !,=1)2 [ =g5.(F — 2G) dv, wu—20,—2gn+1)e qm@mz
0
1
(5. Eo 2y + @, !r—l , 4”7m+ ((Zm + 4) am + 4 (‘}“m +Gm+ i)e qmﬁm—_—
0

P ’r=1 + 2((]?,, + 4) (DmElr=h

1 »
—~°mm‘1: (‘ﬁn =+ 1) th Im — 9m
§w+r e o

1
2wy + 200 + (Q?n + 3(17271 + 20m + 2) e—qmﬁm =2 5 (2F + G) eIy — Pm 'r=1 + 40y, !T=17
1}

IC) I
Jo Y AN
cos® \ar LT,
(0} autl) 4 (6) |
ol a X dy ¢ /d‘l?
F_TDal? | _ u) (1) o (1) (1)
Re ar c:8 \ TPt Re m or + sindYoie %
r=1

- {0) (1) (
P R + e
90 r)l r N

)

k)
=1

1 oo
Py = — 3 Re (—i—-yflor“(lr + rszodr),
1 r
p— & ~Imr - (
P == o [(qmr + 1 eTm J'Hm (Sh qmr — qur ch gpr) dr  + (sh gur — gur ch Qm”)j' Hon (qmr + 1) egqmrdr]’

i 1
H, = jfldl', H,=2 g He—2maity,
0 0

(0) at 9 52 9
H:____Q.L(’__‘_.._o_.___i_;_%) P).

Hence, x( l)(l) = 0 and the solution (3.13), (3.14) of the problem (3.4), (3.5), (3.7), (3.12)
is also the solution of the problem (3.3)-(3.8).

4. Let e and % be small in comparison with unity and suppose that ¢ is small in com-
parison with x. Then the relations

x—#%
v = y{0) + SV(O) -+ 87\7(1), p= p(ﬂ) 4 3p2{1)§ + gxp(l)’ (4' l)
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W = ew(y) -+ exw(l) (4.2)

along with (2.8), (2.11)-(2.14), (3.10), (3.11), (3.13), (3.14) determine the approximate
solution of the problem (1.1)-(1.6). The solution [with use of (1.1)] satisfies (1.3),
(1.5), and (1.6) exactly and (1.2) and (1.4) approximately, to within terms small in com-
parison with ex.

Note that according to (1.1), (2.8), and (4.1), the gas bubble is a sphere and S is the
position vector to the center of the bubble. Using (3.11), (3.14), and (4.2), we find

S = (Rea] 3§ emait/T | Wz) k+S, (4.3)

m=]

where Sy = Aje(wy +'%Mh{)/(2mﬂi); W= (A,/T)exw; S, is constant. The dependence of S on t
is determined approximately by (4.3). In particular, it follows from (4.3) that the gas
bubble moves along a straight line parallel to the Z axis and its motion is composed of a
vibration and a displacement in the direction k (for W > 0) or — -k (for W < 0). Hence, vi-
brations of the liquid (time variation of the velocity and pressure of the liquid) can in-
duce a nonzero average displacement of the bubble. The cause of this displacement is the
fact that the conditions for motion of the bubble up and down the axis of vibration of the
container are not identical.
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FLOW STRUCTURE OF A ROTATING LIQUID AFTER MOTION OF A BODY IN IT

V. G. Makarenko and V. F. Tarasov UDC 532.527

We report the results of an experimental study of the flow structure of a column of
liquid which is initially rotating rigidly, after a body is pulled through it in a direction
parallel to the axis of rotation. It is shown that the general qualitative result of the
motion of the body through the rotating liquid is the formation of a system of cyclone and
anticyclone vortices with oscillatory motion of the liquid in them. The properties of these
vortices match those reported in [1].

The experimental apparatus is shown schematically in Fig. 1. A transparent vertical cyl-
indrical container 5, in which a liquid rotates with a constant angular velocity w. The
motion of the initially rigidly rotating liquid is perturbed by one or several bodies 6 which
rotate with the container and complete one pass through the liquid from the bottom of the con-
tainer to the free surface of the liquid 3 in a direction parallel to the axis of rotation.
Thin (0.5 mm) plates in the shape of a circle or a section of a circle were used as the bod-
ies. The plates were mounted parallel to the bottom on thin rods 4 of identical length,
which were attached to the disk 2 above the free surface of the liquid. The disk was rotated
together with the container and was displaced upward with the help of the rod 1. Until the
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